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Global Optimization Toolbox Product Description

1-2

Solve multiple maxima, multiple minima, and nonsmooth optimization problems

Global Optimization Toolbox provides functions that search for global solutions to problems that
contain multiple maxima or minima. Toolbox solvers include surrogate, pattern search, genetic
algorithm, particle swarm, simulated annealing, multistart, and global search. You can use these
solvers for optimization problems where the objective or constraint function is continuous,
discontinuous, stochastic, does not possess derivatives, or includes simulations or black-box
functions. For problems with multiple objectives, you can identify a Pareto front using genetic
algorithm or pattern search solvers.

You can improve solver effectiveness by adjusting options and, for applicable solvers, customizing
creation, update, and search functions. You can use custom data types with the genetic algorithm and
simulated annealing solvers to represent problems not easily expressed with standard data types. The
hybrid function option lets you improve a solution by applying a second solver after the first.

Key Features

* Surrogate solver for problems with lengthy objective function execution times and bound
constraints

* Pattern search solvers for single and multiple objective problems with linear, nonlinear, and bound
constraints

* Genetic algorithm for problems with linear, nonlinear, bound, and integer constraints

» Multiobjective genetic algorithm for problems with linear, nonlinear, and bound constraints
* Particle swarm solver for bound constraints

* Simulated annealing solver for bound constraints

* Multistart and global search solvers for smooth problems with linear, nonlinear, and bound
constraints
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Comparison of Six Solvers

In this section...

“Function to Optimize” on page 1-3

“Six Solution Methods” on page 1-4
“Compare Syntax and Solutions” on page 1-9

Function to Optimize

This example shows how to minimize Rastrigin’s function with six solvers. Each solver has its own
characteristics. The characteristics lead to different solutions and run times. The results, examined in
“Compare Syntax and Solutions” on page 1-9, can help you choose an appropriate solver for your
own problems.

Rastrigin’s function has many local minima, with a global minimum at (0,0):
Ras(x) = 20 + x% + x% —10(cos2mx + cos2mxy) .

Usually you don't know the location of the global minimum of your objective function. To show how
the solvers look for a global solution, this example starts all the solvers around the point [20, 301,
which is far from the global minimum.

The rastriginsfcn.m file implements Rastrigin’s function. This file comes with Global Optimization
Toolbox software. This example employs a scaled version of Rastrigin’s function with larger basins of
attraction. For information, see “Basins of Attraction” on page 1-19.

rf2 = @(x)rastriginsfcn(x/10);

1-3
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50 <
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10 -

rastriginsfen([x/10,y/10])

This example minimizes rf2 using the default settings of fminunc (an Optimization Toolbox™
solver), patternsearch, and GlobalSearch. The example also uses ga and particleswarm with
nondefault options to start with an initial population around the point [20,30]. Because
surrogateopt requires finite bounds, the example uses surrogateopt with lower bounds of -70
and upper bounds of 130 in each variable.

Six Solution Methods

L]

L]

“fminunc” on page 1-4
“patternsearch” on page 1-5
“ga” on page 1-6
“particleswarm” on page 1-7
“surrogateopt” on page 1-8
“GlobalSearch” on page 1-8

fminunc

To solve the optimization problem using the fminunc Optimization Toolbox solver, enter:

rf2 =

@(x)rastriginsfcn(x/10); % objective
= [20,30]; % start point away from the minimum

[xf,ff,flf,of] = fminunc(rf2,x0)

fminunc returns



Comparison of Six Solvers

Local minimum found.

Optimization completed because the size of the gradient is
less than the default value of the function tolerance.

xf =
19.8991 29.8486
ff =
12.9344
flf =
1
of =

struct with fields:

iterations: 3
funcCount: 15
stepsize: 1.7776e-06
lssteplength: 1
firstorderopt: 5.9907e-09
algorithm: 'quasi-newton'
message: 'Local minimum found...'
* xf is the minimizing point.
+ ff is the value of the objective, rf2, at xf.
+ f1lf is the exit flag. An exit flag of 1 indicates xf is a local minimum.

» of is the output structure, which describes the fminunc calculations leading to the solution.
patternsearch

To solve the optimization problem using the patternsearch Global Optimization Toolbox solver,
enter:

rf2 = @(x)rastriginsfcn(x/10); % objective

x0 = [20,30]; % start point away from the minimum
[xp,fp,flp,op] = patternsearch(rf2,x0)
patternsearch returns

Optimization terminated: mesh size less than options.MeshTolerance.

Xp =
19.8991 -9.9496
fp =
4.9748
flp =
1
op =

struct with fields:

function: @(x)rastriginsfcn(x/10)
problemtype: 'unconstrained'
pollmethod: 'gpspositivebasis2n'
maxconstraint: []
searchmethod: []
iterations: 48
funccount: 174

1-5
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meshsize: 9.5367e-07
rngstate: [1x1 struct]
message: 'Optimization terminated: mesh size less than options.MeshTolerance.'
* Xp is the minimizing point.
+ fp is the value of the objective, rf2, at xp.
+ flp is the exit flag. An exit flag of 1 indicates xp is a local minimum.

* op is the output structure, which describes the patternsearch calculations leading to the
solution.

ga

To solve the optimization problem using the ga Global Optimization Toolbox solver, enter:
rng default % for reproducibility

rf2 = @(x)rastriginsfcn(x/10); % objective

x0 = [20,30]; % start point away from the minimum

initpop = 10*randn(20,2) + repmat(x0,20,1);

opts = optimoptions('ga', 'InitialPopulationMatrix',initpop);
[xga,fga,flga,ogal = ga(rf2,2,[],[1,[1,[1,[1,[1,[1,0pts)

initpop is a 20-by-2 matrix. Each row of initpop has mean [20,301], and each element is normally
distributed with standard deviation 10. The rows of initpop form an initial population matrix for the
ga solver.

opts is the options that set initpop as the initial population.

The final line calls ga, using the options.

ga uses random numbers, and produces a random result. In this case ga returns:
Optimization terminated: maximum number of generations exceeded.

Xga =

-0.0042 -0.0024

fga

4.7054e-05

flga

oga =
struct with fields:
problemtype: 'unconstrained'
rngstate: [1x1 struct]

generations: 200
funccount: 9453

1-6
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message: 'Optimization terminated: maximum number of generations exceeded.'
maxconstraint: []

* Xga is the minimizing point.
» fga is the value of the objective, rf2, at xga.

+ flgais the exit flag. An exit flag of 0 indicates that ga reached a function evaluation limit or an
iteration limit. In this case, ga reached an iteration limit.

* 0ga is the output structure, which describes the ga calculations leading to the solution.
particleswarm

Like ga, particleswarm is a population-based algorithm. So for a fair comparison of solvers,
initialize the particle swarm to the same population as ga.

rng default % for reproducibility

rf2 = @(x)rastriginsfcn(x/10); % objective

opts = optimoptions('particleswarm', 'InitialSwarmMatrix',initpop);

[xpso, fpso, flgpso,opso] = particleswarm(rf2,2,[1,[]1,opts)

Optimization ended: relative change in the objective value
over the last OPTIONS.MaxStalllIterations iterations is less than OPTIONS.FunctionTolerance.

Xpso =

9.9496 0.0000

fpso =

0.9950

flgpso =

1

opso =
struct with fields:

rngstate: [1x1 struct]
iterations: 56
funccount: 1140
message: 'Optimization ended: relative change in the objective value ~over the last OPTIO
* Xpso is the minimizing point.
» fpso is the value of the objective, rf2, at xpso.
+ flgpso is the exit flag. An exit flag of 1 indicates xpso is a local minimum.

* opso is the output structure, which describes the particleswarm calculations leading to the
solution.

1-7
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surrogateopt

surrogateopt does not require a start point, but does require finite bounds. Set bounds of -70 to
130 in each component. To have the same sort of output as the other solvers, disable the default plot
function.

rng default % for reproducibility

b [-70,-70];

ub [130,130];

rf2 = @(x)rastriginsfcn(x/10); % objective

opts = optimoptions('surrogateopt', 'PlotFcn’',[]);
[xsur,fsur,flgsur,osur] = surrogateopt(rf2,1lb,ub,opts)

Surrogateopt stopped because it exceeded the function evaluation limit set by
'options.MaxFunctionEvaluations'.

xsur =

-0.0033 0.0005

fsur =

2.2456e-05

flgsur =

0

osur =
struct with fields:
elapsedtime: 2.3877

funccount: 200
rngstate: [1x1 struct]

message: 'Surrogateopt stopped because it exceeded the function evaluation limit set by .

e Xxsur is the minimizing point.
« fsur is the value of the objective, rf2, at xsur.

« flgsuris the exit flag. An exit flag of 0 indicates that surrogateopt halted because it ran out of
function evaluations or time.

* osur is the output structure, which describes the surrogateopt calculations leading to the
solution.

GlobalSearch

To solve the optimization problem using the GlobalSearch solver, enter:

rf2 = @(x)rastriginsfcn(x/10); % objective

x0 = [20,30]; % start point away from the minimum

problem = createOptimProblem('fmincon', 'objective',rf2,...
'x0',x0);

gs = GlobalSearch;

[xg,fg,flg,og] = run(gs,problem)
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problem is an optimization problem structure. problem specifies the fmincon solver, the rf2
objective function, and x0=[20,30]. For more information on using createOptimProblem, see
“Create Problem Structure” on page 3-4.

Note You must specify Tmincon as the solver for GlobalSearch, even for unconstrained problems.

gs is a default GlobalSearch object. The object contains options for solving the problem. Calling
run(gs,problem) runs problem from multiple start points. The start points are random, so the
following result is also random.

In this case, the run returns:

GlobalSearch stopped because it analyzed all the trial points.

All 10 local solver runs converged with a positive local solver exit flag.

X9

fg

fl

09

1.0e-07 *

-0.1405 -0.1405

g =

struct with fields:

funcCount:

2350

localSolverTotal: 10
localSolverSuccess: 10
localSolverIncomplete: 0
localSolverNoSolution: 0

message:

xg is the minimizing point.

fg is the value of the objective, rf2, at xg.

'GlobalSearch stopped because it analyzed all the trial points.««All 10 local solver runs converged with a p

f1lg is the exit flag. An exit flag of 1 indicates all fmincon runs converged properly.

0g is the output structure, which describes the GlobalSearch calculations leading to the

solution.

Compare Syntax and Solutions

One solution is better than another if its objective function value is smaller than the other. The
following table summarizes the results, accurate to one decimal.

Results fminunc patternsearch |[ga particleswar [surrogateopt |GlobalSearch
m

solution [19.9 29.9] |[19.9 -9.9] [0 0] [10 O] [0 0] [0 0]

objective 12.9 5 0 1 0 0

# Fevals 15 174 9453 1140 200 2178

1-9
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These results are typical:

fminunc quickly reaches the local solution within its starting basin, but does not explore outside
this basin at all. fminunc has a simple calling syntax.

patternsearch takes more function evaluations than fminunc, and searches through several
basins, arriving at a better solution than fminunc. The patternsearch calling syntax is the
same as that of fminunc.

ga takes many more function evaluations than patternsearch. By chance it arrived at a better
solution. In this case, ga found a point near the global optimum. ga is stochastic, so its results
change with every run. ga has a simple calling syntax, but there are extra steps to have an initial
population near [20,30].

particleswarm takes fewer function evaluations than ga, but more than patternsearch. In
this case, particleswarm found a point with lower objective function value than
patternsearch, but higher than ga. Because particleswarm is stochastic, its results change
with every run. particleswarm has a simple calling syntax, but there are extra steps to have an
initial population near [20,30].

surrogateopt stops when it reaches a function evaluation limit, which by default is 200 for a
two-variable problem. surrogateopt has a simple calling syntax, but requires finite bounds.
surrogateopt attempts to find a global solution, and in this case succeeded. Each function
evaluation in surrogateopt takes a longer time than in most other solvers, because
surrogateopt performs many auxiliary computations as part of its algorithm.

GlobalSearch run takes the same order of magnitude of function evaluations as ga and
particleswarm, searches many basins, and arrives at a good solution. In this case,
GlobalSearch found the global optimum. Setting up GlobalSearch is more involved than
setting up the other solvers. As the example shows, before calling GlobalSearch, you must
create both a GlobalSearch object (gs in the example), and a problem structure (problem).
Then, you call the run method with gs and problem. For more details on how to run
GlobalSearch, see “Workflow for GlobalSearch and MultiStart” on page 3-3.

See Also

More About

“Optimization Problem Setup”
“Solver Behavior with a Nonsmooth Problem” on page 1-11
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Solver Behavior with a Nonsmooth Problem

This example shows the importance of choosing an appropriate solver for optimization problems. It
also shows that a single point of non-smoothness can cause problems for Optimization Toolbox™
solvers.

In general, the solver decision tables provide guidance on which solver is likely to work best for your
problem. For smooth problems, see “Optimization Decision Table” (Optimization Toolbox). For
nonsmooth problems, see “Table for Choosing a Solver” on page 1-23 first, and for more information
consult “Global Optimization Toolbox Solver Characteristics” on page 1-24.

A Function with a Single Nonsmooth Point

1/2

The function f(x) = | |x||™'“ is nonsmooth at the point 0, which is the minimizing point. Here is a 2-D

x(1) x(2)

plot using the matrix norm for the 4-D point 0 0

figure
= linspace(-5,5,51);
[xx,yy] = meshgrid(x);
zz = zeros(size(xx));
for ii = 1l:length(x)
for jj = 1l:length(x)
zz(ii,jj) = sqrt(norm([xx(ii,jj),yy(ii,jj);0,01));
end
end

surf(xx,yy,zz)
xlabel('x(1)")
ylabel('x(2)")
title('Norm([x(1),x(2);0,01)"{1/2}")

1-11
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Norm([x(1),x(2):0,0]) "2

¥(2) -5 .5 x(1)

This example uses matrix norm for a 2-by-6 matrix x. The matrix norm relates to the singular value
decomposition, which is not as smooth as the Euclidean norm. See “2-Norm of Matrix” (MATLAB).

Minimize Using patternsearch

patternsearch is the recommended first solver to try for nonsmooth problems. See “Table for
Choosing a Solver” on page 1-23. Start patternsearch from a nonzero 2-by-6 matrix x0, and
attempt to locate the minimum of f. For this attempt, and all others, use the default solver options.

Return the solution, which should be near zero, the objective function value, which should likewise be
near zero, and the number of function evaluations taken.

fun = @(x)norm([x(1:6);x(7:12)]1)"(1/2);
x0 = [1:6;7:12];

rng default

X0 = x0 + rand(size(x0))

x0 = 2x6
1.8147 2.1270 3.6324 4.2785 5.9575 6.1576
7.9058 8.9134 9.0975 10.5469 11.9649 12.9706

[xps, fvalps,eflagps,outputps] = patternsearch(fun,x0);

Optimization terminated: mesh size less than options.MeshTolerance.

xps, fvalps,eflagps,outputps.funccount
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Xps = 2x6
10-4 x

0.1116 -0.1209 0.3503 -0.0520 -0.1270 0.2031
-0.3082 -0.1526 0.0623 0.0652 0.4479 0.1173
fvalps = 0.0073
eflagps = 1
ans = 10780

patternsearch reaches a good solution, as evinced by exit flag 1. However, it takes over 10,000
function evaluations to converge.

Minimize Using fminsearch

The documentation states that fminsearch sometimes can handle discontinuities, so this is a
reasonable option.

[xfms, fvalfms,eflagfms,outputfms] = fminsearch(fun,x0);
Exiting: Maximum number of function evaluations has been exceeded

- increase MaxFunEvals option.
Current function value: 3.197063

xfms, fvalfms,eflagfms,outputfms. funcCount
xfms = 2x6
2.2640 1.1747 9.0693 8.1652 1.7367 -1.2958
3.7456 1.2694 0.2714 -3.7942 3.8714 1.9290
fvalfms = 3.1971
eflagfms = 0
ans = 2401

Using default options, fminsearch runs out of function evaluations before it converges to a solution.
Exit flag 0 indicates this lack of convergence. The reported solution is poor.

Use particleswarm

particleswarmis recommended as the next solver to try. See “Choosing Between Solvers for
Nonsmooth Problems” on page 1-26.

[xpsw, fvalpsw,eflagpsw,outputpsw] = particleswarm(fun,12);

Optimization ended: relative change in the objective value
over the last OPTIONS.MaxStallIterations iterations is less than OPTIONS.FunctionTolerance.

xpsw, fvalpsw,eflagpsw,outputpsw. funccount

xpsw = Ix12
10-12 X

1-13
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-0.0386 -0.1282 -0.0560 0.0904 0.0771 -0.0541 -0.1189 0.1290 -0.0032 0.

fvalpsw = 4.5222e-07
eflagpsw = 1

ans = 37200

particleswarm finds an even more accurate solution than patternsearch, but takes over 35,000
function evaluations. Exit flag 1 indicates that the solution is good.

Use ga

ga is a popular solver, but is not recommended as the first solver to try. See how well it works on this
problem.

[xga, fvalga,eflagga,outputgal = ga(fun,12);

Optimization terminated: average change in the fitness value less than options.FunctionTolerance
xga, fvalga,eflagga,outputga.funccount

xga = Ix12

-0.0061 -0.0904 0.0816 -0.0484 0.0799 -0.1925 0.0048 0.3581 0.0848 0.

fvalga = 0.6257
eflagga = 1
ans = 65190

ga does not find as good a solution as patternsearch or particleswarm, and takes about twice as
many function evaluations as particleswarm. Exit flag 1 is misleading in this case.

Use fminunc from Optimization Toolbox

fminunc is not recommended for nonsmooth functions. See how it performs on this one.
[xfmu, fvalfmu,eflagfmu,outputfmul = fminunc(fun,x0);

Local minimum possible.

fminunc stopped because the size of the current step is less than
the value of the step size tolerance.

xfmu, fvalfmu,eflagfmu, outputfmu. funcCount
xfmu = 2x6
-0.5844  -0.9726 -0.4356 0.1467 0.3263 -0.1002
-0.0769 -0.1092 -0.3429 -0.6856 -0.7609 -0.6524
fvalfmu = 1.1269
eflagfmu = 2

ans = 442

1-14
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The fminunc solution is not as good as the ga solution. However, fminunc reaches the rather poor
solution in relatively few function evaluations. Exit flag 2 means you should take care, the first-order
optimality conditions are not met at the reported solution.

Use fmincon from Optimization Toolbox

fmincon can sometimes minimize nonsmooth functions. See how it performs on this one.
[xfmc, fvalfmc,eflagfmc,outputfmc] = fmincon(fun,x0);

Local minimum possible. Constraints satisfied.

fmincon stopped because the size of the current step is less than
the value of the step size tolerance and constraints are
satisfied to within the value of the constraint tolerance.

xfmc, fvalfmc,eflagfmc, outputfmc. funcCount

xfmc = 2x6
10-10 X

-0.4534 -0.5599 0.1599 0.8530 0.8112 -0.0575
0.4979 0.4522 0.6556 -0.2374 -0.8218 -0.5604

fvalfmc = 1.3880e-05
eflagfmc = 2

ans = 1066

fmincon with default options produces an accurate solution after fewer than 1000 function
evaluations. Exit flag 2 does not mean that the solution is inaccurate, but that the first-order
optimality conditions are not met. This is because the gradient of the objective function is not zero at
the solution.

Summary of Results

Choosing the appropriate solver leads to better, faster results. This summary shows how disparate
the results can be. The solution quality is 'Poor' if the objective function value is greater than 0.1,
'Good' if the value is smaller than 0.01, and 'Mediocre' otherwise.

Solver = {'patternsearch';'fminsearch'; 'particleswarm';'ga'; " 'fminunc';'fmincon'};

SolutionQuality = {'Good'; 'Poor';'Good"';'Poor'; " 'Poor'; " 'Good'};

Fval = [fvalps, fvalfms, fvalpsw, fvalga, fvalfmu, fvalfmc]';

NumEval = [outputps.funccount,outputfms.funcCount,outputpsw.funccount, ...
outputga.funccount, outputfmu.funcCount,outputfmc. funcCount]';

results = table(Solver,SolutionQuality,FVal,NumEval)

results=6x4 table

Solver SolutionQuality Fval NumEval
{'patternsearch'} {'Good"'} 0.0072656 10780
{'fminsearch' } {'Poor'} 3.1971 2401
{'particleswarm'} {'Good"'} 4.5222e-07 37200
{'ga’ } {'Poor'} 0.62572 65190
{'fminunc' } {'Poor'} 1.1269 442
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{'fmincon' } {'Good"} 1.388e-05 1066

Another view of the results.

figure

hold on

for ii = 1l:length(FVal)
clr = rand(1,3);
plot(NumEval(ii),FVal(ii), 'o"', 'MarkerSize', 10, 'MarkerEdgeColor',clr, 'MarkerFaceColor',clr)
text(NumEval(ii),FVal(ii)+0.2,Solver{ii}, 'Color',clr);

end

ylabel('Fval")

xlabel('NumEval'")

title('Reported Minimum and Evaluations By Solver')

hold off
Reported Minimum and Evaluations By Solver
36
fminsearch
3 -
257
o |
™
==
T
1671
frminunc
@
1 F
ga
0sr
frincon  patternsearch particleswarm
0 ' . I I . I I I i
0 1 2 3 4 5 6 T
NumEval «10%

While particleswarm achieves the lowest objective function value, it does so by taking over three
times as many function evaluations as patternsearch, and over 30 times as many as fmincon.
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fmincon is not generally recommended for nonsmooth problems. It is effective in this case, but this
case has just one nonsmooth point.

See Also

More About

. “Comparison of Six Solvers” on page 1-3
. “Table for Choosing a Solver” on page 1-23
. “Global Optimization Toolbox Solver Characteristics” on page 1-24
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What Is Global Optimization?

1-18

In this section...

“Local vs. Global Optima” on page 1-18

“Basins of Attraction” on page 1-19

Local vs. Global Optima

Optimization is the process of finding the point that minimizes a function. More specifically:

Local minimum

Alocal minimum of a function is a point where the function value is smaller than or equal to the
value at nearby points, but possibly greater than at a distant point.

A global minimum is a point where the function value is smaller than or equal to the value at all
other feasible points.

Global minimum

Generally, Optimization Toolbox solvers find a local optimum. (This local optimum can be a global
optimum.) They find the optimum in the basin of attraction of the starting point. For more
information, see “Basins of Attraction” on page 1-19.

In contrast, Global Optimization Toolbox solvers are designed to search through more than one basin
of attraction. They search in various ways:

GlobalSearch and MultiStart generate a number of starting points. They then use a local
solver to find the optima in the basins of attraction of the starting points.

ga uses a set of starting points (called the population) and iteratively generates better points from
the population. As long as the initial population covers several basins, ga can examine several
basins.

particleswarm, like ga, uses a set of starting points. particleswarm can examine several
basins at once because of its diverse population.

simulannealbnd performs a random search. Generally, simulannealbnd accepts a point if it is
better than the previous point. simulannealbnd occasionally accepts a worse point, in order to
reach a different basin.

patternsearch looks at a number of neighboring points before accepting one of them. If some
neighboring points belong to different basins, patternsearch in essence looks in a number of
basins at once.

surrogateopt begins by quasirandom sampling within bounds, looking for a small objective
function value. surrogateopt uses a merit function that, in part, gives preference to points that
are far from evaluated points, which is an attempt to reach a global solution. After it cannot
improve the current point, surrogateopt resets, causing it to sample widely within bounds
again. Resetting is another way surrogateopt searches for a global solution.
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Basins of Attraction

If an objective function f(x) is smooth, the vector -Vf(x) points in the direction where f(x) decreases
most quickly. The equation of steepest descent, namely

Gx(t) = - TF((),

yields a path x(t) that goes to a local minimum as t gets large. Generally, initial values x(0) that are
close to each other give steepest descent paths that tend to the same minimum point. The basin of
attraction for steepest descent is the set of initial values leading to the same local minimum.

The following figure shows two one-dimensional minima. The figure shows different basins of
attraction with different line styles, and it shows directions of steepest descent with arrows. For this
and subsequent figures, black dots represent local minima. Every steepest descent path, starting at a
point x(0), goes to the black dot in the basin containing x(0).

f(x)

[ ]

%
/

The following figure shows how steepest descent paths can be more complicated in more dimensions.

The following figure shows even more complicated paths and basins of attraction.

1-19
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Constraints can break up one basin of attraction into several pieces. For example, consider
minimizing y subject to:

vz
o y=5-4(x-2)2

The figure shows the two basins of attraction with the final points.

1-20



What Is Global Optimization?

The steepest descent paths are straight lines down to the constraint boundaries. From the constraint
boundaries, the steepest descent paths travel down along the boundaries. The final point is either
(0,0) or (11/4,11/4), depending on whether the initial x-value is above or below 2.

See Also

More About

. “Visualize the Basins of Attraction” on page 3-27
. “Comparison of Six Solvers” on page 1-3
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Optimization Workflow

1-22

To solve an optimization problem:

1 Decide what type of problem you have, and whether you want a local or global solution (see
“Local vs. Global Optima” on page 1-18). Choose a solver per the recommendations in “Table for
Choosing a Solver” on page 1-23.

2 Write your objective function and, if applicable, constraint functions per the syntax in “Compute
Objective Functions” on page 2-2 and “Write Constraints” on page 2-6.

3 Set appropriate options using optimoptions, or prepare a GlobalSearch or MultiStart
problem as described in “Workflow for GlobalSearch and MultiStart” on page 3-3. For details,
see “Pattern Search Options” on page 11-7, “Particle Swarm Options” on page 11-46,

“Genetic Algorithm Options” on page 11-24, “Simulated Annealing Options” on page 11-59, or
“Surrogate Optimization Options” on page 11-52.

4 Run the solver.

5 Examine the result. For information on the result, see “Solver Outputs and Iterative Display”
(Optimization Toolbox) or Examine Results for GlobalSearch or MultiStart.

6 If the result is unsatisfactory, change options or start points or otherwise update your
optimization and rerun it. For information, see “Global Optimization Toolbox Solver
Characteristics” on page 1-24 or Improve Results. For information on improving solutions that
applies mainly to smooth problems, see “When the Solver Fails” (Optimization Toolbox), “When
the Solver Might Have Succeeded” (Optimization Toolbox), or “When the Solver Succeeds”
(Optimization Toolbox).

See Also

More About

“Optimization Problem Setup”
“What Is Global Optimization?” on page 1-18



Table for Choosing a Solver

Table for Choosing a Solver

Choose a solver based on problem characteristics and on the type of solution you want. “Solver
Characteristics” on page 1-27 contains more information to help you decide which solver is likely to
be most suitable. This table gives recommendations that are suitable for most problems.

Problem Type Recommended Solver

Smooth (objective twice differentiable), and you |An appropriate Optimization Toolbox solver; see

want a local solution “Optimization Decision Table” (Optimization
Toolbox)

Smooth (objective twice differentiable), and you |GlobalSearch or MultiStart
want a global solution or multiple local solutions

Nonsmooth, and you want a local solution patternsearch
Nonsmooth, and you want a global solution or surrogateopt or patternsearch with several
multiple local solutions initial points x0

To start patternsearch at multiple points when you have finite bounds 1b and ub on every
component, try:

x0 = lb + rand(size(1lb)).*(ub - 1b);

Many other solvers provide different solution algorithms, including the genetic algorithm solver ga
and the particleswarm solver. Try some of them if the recommended solvers do not perform well on
your problem. For details, see “Global Optimization Toolbox Solver Characteristics” on page 1-24.

See Also

Related Examples

. “Solver Behavior with a Nonsmooth Problem”

More About

. “Optimization Workflow” on page 1-22
. “Global Optimization Toolbox Solver Characteristics” on page 1-24
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Global Optimization Toolbox Solver Characteristics

In this section...

“Explanation of “Desired Solution

“Solver Choices” on page 1-24

nn

on page 1-24

“Solver Characteristics” on page 1-27
“Why Are Some Solvers Objects?” on page 1-29

“Choosing Between Solvers for Smooth Problems” on page 1-26
“Choosing Between Solvers for Nonsmooth Problems” on page 1-26

Solver Choices

This section describes Global Optimization Toolbox solver characteristics. The section includes
recommendations for obtaining results more effectively.

To achieve better or faster solutions, first try tuning the recommended solvers on page 1-23 by
setting appropriate options or bounds. If the results are unsatisfactory, try other solvers.

Desired Solution

Smooth Objective and Constraints

Nonsmooth Objective or
Constraints

“Explanation of “Desired
Solution”” on page 1-24

“Choosing Between Solvers for Smooth
Problems” on page 1-26

“Choosing Between Solvers for
Nonsmooth Problems” on page 1-26

Single local solution

Optimization Toolbox functions; see
“Optimization Decision Table”
(Optimization Toolbox)

fminbnd, patternsearch,
fminsearch, ga, particleswarm,
simulannealbnd, surrogateopt

Multiple local solutions

GlobalSearch, MultiStart

patternsearch, ga,
particleswarm, simulannealbnd,
or surrogateopt started from
multiple initial points x0 or from
multiple initial populations

Single global solution

GlobalSearch, MultiStart,
patternsearch, particleswarm,
ga, simulannealbnd, surrogateopt

patternsearch, ga,
particleswarm, simulannealbnd,
surrogateopt

Single local solution using
parallel processing

MultiStart, Optimization Toolbox
functions

patternsearch, ga,
particleswarm, surrogateopt

Multiple local solutions using |MultiStart patternsearch, ga, or

parallel processing particleswarm started from multiple
initial points x0 or from multiple initial
populations

Single global solution using [MultiStart patternsearch, ga,

parallel processing

particleswarm, surrogateopt

Explanation of “Desired Solution”

To understand the meaning of the terms in “Desired Solution,” consider the example
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f(x)=100x3(1-x)%-x,

which has local minima x1 near 0 and x2 near 1:
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1.2
The minima are located at:

fun = @(x) (1OO*x"2*(x - 1)"2 - X);
x1 fminbnd(fun,-0.1,0.1)
x1

0.0051

fminbnd(fun,0.9,1.1)
1.0049

X2
X2

Description of the Terms
Term

Single local solution

Meaning

Multiple local solutions

Single global solution

Find one local solution, a point x where the objective function f(x)
is a local minimum. For more details, see “Local vs. Global Optima”
on page 1-18. In the example, both x1 and x2 are local solutions.

Find a set of local solutions. In the example, the complete set of
local solutions is {x1,x2}.

Find the point x where the objective function f{(x) is a global
minimum. In the example, the global solution is x2.
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1-26

Choosing Between Solvers for Smooth Problems

* “Single Global Solution” on page 1-26
» “Multiple Local Solutions” on page 1-26

Single Global Solution

1 Try GlobalSearch first. It is most focused on finding a global solution, and has an efficient local
solver, fmincon.

2 TryMultiStart next. It has efficient local solvers, and can search a wide variety of start points.

3 Try patternsearch next. It is less efficient, since it does not use gradients. However,
patternsearch is robust and is more efficient than the remaining local solvers To search for a
global solution, start patternsearch from a variety of start points.

4 Try surrogateopt next. surrogateopt attempts to find a global solution using the fewest
objective function evaluations. surrogateopt has more overhead per function evaluation than
most other solvers. surrogateopt requires finite bounds, and accepts both integer constraints
and nonlinear inequality constraints.

5 Try particleswarm next, if your problem is unconstrained or has only bound constraints.
Usually, particleswarm is more efficient than the remaining solvers, and can be more efficient
than patternsearch.

6 Try ga next. It can handle all types of constraints, and is usually more efficient than
simulannealbnd.

7 Try simulannealbnd last. It can handle problems with no constraints or bound constraints.
simulannealbnd is usually the least efficient solver. However, given a slow enough cooling
schedule, it can find a global solution.

Multiple Local Solutions

GlobalSearch and MultiStart both provide multiple local solutions. For the syntax to obtain
multiple solutions, see “Multiple Solutions” on page 3-20. GlobalSearch and MultiStart differ in
the following characteristics:

* MultiStart can find more local minima. This is because GlobalSearch rejects many generated
start points (initial points for local solution). Essentially, GlobalSearch accepts a start point only
when it determines that the point has a good chance of obtaining a global minimum. In contrast,
MultiStart passes all generated start points to a local solver. For more information, see
“GlobalSearch Algorithm” on page 3-38.

* MultiStart offers a choice of local solver: fmincon, fminunc, lsqcurvefit, or lsqnonlin.
The GlobalSearch solver uses only fmincon as its local solver.

* GlobalSearch uses a scatter-search algorithm for generating start points. In contrast,
MultiStart generates points uniformly at random within bounds, or allows you to provide your
own points.

* MultiStart can run in parallel. See “How to Use Parallel Processing in Global Optimization
Toolbox” on page 10-11.

Choosing Between Solvers for Nonsmooth Problems

Choose the applicable solver with the lowest number. For problems with integer constraints, use ga.



Global Optimization Toolbox Solver Characteristics

Use fminbnd first on one-dimensional bounded problems only. fminbnd provably converges
quickly in one dimension.

Use patternsearch on any other type of problem. patternsearch provably converges, and
handles all types of constraints.

Try surrogateopt for problems that have time-consuming objective functions. surrogateopt
searches for a global solution. surrogateopt requires finite bounds, and accepts both integer
constraints and nonlinear inequality constraints.

Try fminsearch next for low-dimensional unbounded problems. fminsearch is not as general
as patternsearch and can fail to converge. For low-dimensional problems, fminsearch is
simple to use, since it has few tuning options.

Try particleswarm next on unbounded or bound-constrained problems. particleswarm has
little supporting theory, but is often an efficient algorithm.

Try ga next. ga has little supporting theory and is often less efficient than patternsearch or
particleswarm. ga handles all types of constraints. ga and surrogateopt are the only Global
Optimization Toolbox solvers that accept integer constraints.

Try simulannealbnd last for unbounded problems, or for problems with bounds.
simulannealbnd provably converges only for a logarithmic cooling schedule, which is
extremely slow. simulannealbnd takes only bound constraints, and is often less efficient than

ga.

Solver Characteristics

Solver

Convergence Characteristics

GlobalSearch Fast convergence to local optima for |Deterministic iterates

smooth problems Gradient-based

Automatic stochastic start points

Removes many start points heuristically

MultiStart

Fast convergence to local optima for |Deterministic iterates
smooth problems

Can run in parallel; see “How to Use
Parallel Processing in Global Optimization
Toolbox” on page 10-11

Gradient-based

Stochastic or deterministic start points, or
combination of both

Automatic stochastic start points

Runs all start points

Choice of local solver: fmincon, fminunc,
lsqcurvefit, or Lsgnonlin

patternsearch Proven convergence to local Deterministic iterates

optimum; slower than gradient-

Can run in parallel; see “How to Use
based solvers

Parallel Processing in Global Optimization
Toolbox” on page 10-11

No gradients
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Solver

Convergence

Characteristics

User-supplied start point

surrogateopt

Proven convergence to global
optimum for bounded problems;
slower than gradient-based solvers;
generally stops by reaching a
function evaluation limit or other
limit

Stochastic iterates

Can run in parallel; see “How to Use
Parallel Processing in Global Optimization
Toolbox” on page 10-11

Best used for time-consuming objective
functions

Requires bound constraints, accepts
nonlinear inequality constraints

Allows integer constraints; see “Mixed-
Integer Surrogate Optimization” on page
7-61

No gradients

Automatic start points or user-supplied
points, or a combination of both

particleswarm

No convergence proof

Stochastic iterates

Can run in parallel; see “How to Use
Parallel Processing in Global Optimization
Toolbox” on page 10-11

Population-based

No gradients

Automatic start population or user-
supplied population, or a combination of
both

Only bound constraints

ga

No convergence proof

Stochastic iterates

Can run in parallel; see “How to Use
Parallel Processing in Global Optimization
Toolbox” on page 10-11

Population-based

No gradients

Allows integer constraints; see “Mixed
Integer ga Optimization” on page 5-35

Automatic start population or user-
supplied population, or a combination of
both

simulannealbnd

Proven to converge to global
optimum for bounded problems with
very slow cooling schedule

Stochastic iterates

No gradients

User-supplied start point

Only bound constraints

Explanation of some characteristics:
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Convergence — Solvers can fail to converge to any solution when started far from a local
minimum. When started near a local minimum, gradient-based solvers converge to a local
minimum quickly for smooth problems. patternsearch provably converges for a wide range of
problems, but the convergence is slower than gradient-based solvers. Both ga and
simulannealbnd can fail to converge in a reasonable amount of time for some problems,
although they are often effective.

Iterates — Solvers iterate to find solutions. The steps in the iteration are iterates. Some solvers
have deterministic iterates. Others use random numbers and have stochastic iterates.

Gradients — Some solvers use estimated or user-supplied derivatives in calculating the iterates.
Other solvers do not use or estimate derivatives, but use only objective and constraint function
values.

Start points — Most solvers require you to provide a starting point for the optimization in order to
obtain the dimension of the decision variables. ga and surrogateopt do not require any starting
points, because they take the dimension of the decision variables as an input or infer dimensions
from bounds. These solvers generate a start point or population automatically, or they accept a
point or points that you supply.

Compare the characteristics of Global Optimization Toolbox solvers to Optimization Toolbox solvers.

Solver Convergence Characteristics
fmincon, fminunc, Proven quadratic convergence to Deterministic iterates
fsemin f’. lsqcurvefit, local optima for smooth problems e —
lsgnonlin y , ,
User-supplied starting point
fminsearch No convergence proof — Deterministic iterates
counterexamples exist. No gradients
User-supplied start point
No constraints
fminbnd Proven convergence to local optima |Deterministic iterates
for smoqth problems, slower than No gradients
quadratic. . _
User-supplied start interval
Only one-dimensional problems

All these Optimization Toolbox solvers:

Have deterministic iterates
Require a start point or interval
Search just one basin of attraction

Why Are Some Solvers Objects?

GlobalSearch and MultiStart are objects. What does this mean for you?

You create a GlobalSearch or MultiStart object before running your problem.
You can reuse the object for running multiple problems.

GlobalSearch and MultiStart objects are containers for algorithms and global options. You
use these objects to run a local solver multiple times. The local solver has its own options.
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For more information, see the “Classes” (MATLAB) documentation.

See Also

Related Examples

. “Solver Behavior with a Nonsmooth Problem”

More About

. “Optimization Workflow” on page 1-22
. “Table for Choosing a Solver” on page 1-23
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Write Files for Optimization Functions

* “Compute Objective Functions” on page 2-2

* “Maximizing vs. Minimizing” on page 2-5

* “Write Constraints” on page 2-6

* “Set and Change Options” on page 2-9
“View Options” on page 2-10
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Compute Objective Functions

2-2

In this section...

“Objective (Fitness) Functions” on page 2-2
“Write a Function File” on page 2-2
“Write a Vectorized Function” on page 2-3

“Gradients and Hessians” on page 2-4

Objective (Fitness) Functions

To use Global Optimization Toolbox functions, first write a file (or an anonymous function) that
computes the function you want to optimize. This is called an objective function for most solvers, or
fitness function for ga. The function should accept a vector, whose length is the number of
independent variables, and return a scalar. For gamultiobj, the function should return a row vector
of objective function values. For vectorized solvers, the function should accept a matrix, where each
row represents one input vector, and return a vector of objective function values. This section shows
how to write the file.

Write a Function File

This example shows how to write a file for the function you want to optimize. Suppose that you want
to minimize the function

flx) = exp(—(x% + x%))(x% — 2Xx1Xg + 6x1 + 4X% - 3x2).

The file that computes this function must accept a vector x of length 2, corresponding to the variables
x; and x,, and return a scalar equal to the value of the function at x.

1 Select New > Script (Ctrl+N) from the MATLAB® File menu. A new file opens in the editor.
2 Enter the following two lines of code:

function z = my fun(x)
z = X(1)72 - 2*x(1)*x(2) + 6*x(1) + 4*x(2)"2 - 3*x(2);

3  Save the file in a folder on the MATLAB path.

Check that the file returns the correct value.
my fun([2 31)

ans =
31

For gamultiobj, suppose you have three objectives. Your objective function returns a three-element
vector consisting of the three objective function values:

function z = my fun(x)
z = zeros(1,3); % allocate output

z(1) = x(1)72 - 2*%x(1)*x(2) + 6*x(1) + 4*x(2)°2 - 3*x(2);
z(2) = x(1)*x(2) + cos(3*x(2)/(2+x(1)));
z(3) = tanh(x(1) + x(2));




Compute Objective Functions

Write a Vectorized Function

The ga, gamultiobj, paretosearch, particleswarm, and patternsearch solvers optionally
compute the objective functions of a collection of vectors in one function call. This method can take
less time than computing the objective functions of the vectors serially. This method is called a
vectorized function call.

To compute in vectorized fashion:
* Write your objective function to:

* Accept a matrix with an arbitrary number of rows.
* Return the vector of function values of each row.

* Forgamultiobj or paretosearch, return a matrix, where each row contains the objective
function values of the corresponding input matrix row.

» Ifyou have a nonlinear constraint, be sure to write the constraint in a vectorized fashion. For
details, see “Vectorized Constraints” on page 2-7.

* Set the UseVectorized option to true using optimoptions, or set User function evaluation
> Evaluate objective/fitness and constraint functions to vectorized in the Optimization
app. For patternsearch or paretosearch, also set UseCompletePoll to true. Be sure to
pass the options to the solver.

For example, to write the objective function of “Write a Function File” on page 2-2 in a vectorized
fashion,

function z = my_ fun(x)
z = Xx(:,1).72 - 2%x(:,1).*x(:,2) + 6*x(:,1) + ...
4*x(:,2).72 - 3*x(:,2);

To use my fun as a vectorized objective function for patternsearch:

options = optimoptions('patternsearch', 'UseCompletePoll',true, 'UseVectorized', true);
[x fval] = patternsearch(@my_fun,[1 1],[I,[I,[1,[1,01,[1,...
[]1,options);

To use my fun as a vectorized objective function for ga:

options = optimoptions('ga', 'UseVectorized', true);
[x fvall = ga(@my_fun,2,[]1,[1,[1,[1,[1,[1,[],0ptions);

For gamultiobj or paretosearch,

function z = my fun(x)

z = zeros(size(x,1),3); % allocate output

z(:,1) = x(:,1).72 - 2*x(:,1).*x(:,2) + 6*x(:,1) + ...
4*x(:,2).72 - 3*x(:,2);

z(:,2) X(:,1).*%x(:,2) + cos(3*x(:,2)./(2+x(:,1)));
z(:,3) tanh(x(:,1) + x(:,2));

To use my_ fun as a vectorized objective function for gamultiobj:

options = optimoptions('ga', 'UseVectorized', true);
[x fval] = gamultiobj(@my_fun,2,[],[],[1,[1,[],[],options);
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For more information on writing vectorized functions for patternsearch, see “Vectorize the
Objective and Constraint Functions” on page 4-84. For more information on writing vectorized
functions for ga, see “Vectorize the Fitness Function” on page 5-103.

Gradients and Hessians

If you use GlobalSearch or MultiStart, your objective function can return derivatives (gradient,
Jacobian, or Hessian). For details on how to include this syntax in your objective function, see
“Including Gradients and Hessians” (Optimization Toolbox). Use optimoptions to set options so that
your solver uses the derivative information:

Local Solver = fmincon, fminunc

Condition Option Setting

Objective function contains gradient 'SpecifyObjectiveGradient' = true; see
“How to Include Gradients” (Optimization
Toolbox)

Objective function contains Hessian 'HessianFcn' = 'objective' or a function
handle; see “Including Hessians” (Optimization
Toolbox)

Constraint function contains gradient 'SpecifyConstraintGradient' = true; see
“Including Gradients in Constraint Functions”
(Optimization Toolbox)

Local Solver = Isqcurvefit, Isqnonlin

Condition Option Setting
Objective function contains Jacobian 'SpecifyObjectiveGradient' = true
See Also

Related Examples

. “Vectorize the Objective and Constraint Functions” on page 4-84
. “Vectorize the Fitness Function” on page 5-103
. “Maximizing vs. Minimizing” on page 2-5
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Maximizing vs. Minimizing

Global Optimization Toolbox optimization functions minimize the objective (or fitness) function. That
is, they solve problems of the form

minf(x)
X

If you want to maximize f(x), minimize -f(x), because the point at which the minimum of -f(x) occurs is
the same as the point at which the maximum of f(x) occurs.

For example, suppose you want to maximize the function
f(x) = exp(—(x% + x%))(x% - 2X1Xg + 6x1 + 4x% - 3x2) .
Write a function to compute
X)=-f(x)= - exp(—(x% + x%))(x% - 2X1X9 + 6x1 + 4x§ - 3x2),

and then minimize g(x). Start from the point x0 = [0 0].
@(x)exp(-(x(1)"2 + x(2)72))*(x(1)"2 - 2*x(1)*x(2) + 6*x(1l) + 4*x(2)"2 - 3*x(2));
@( )-T(x);

f
g
X0 [0 01;

[xmln gmin] = fminsearch(g,x0)
xmin =

0.5550 -0.5919

gmin =
-3.8683

The maximum of fis the value of f(xmin), which is -gmin.
f(xmin)

ans =

3.8683

See Also

Related Examples
. “Compute Objective Functions” on page 2-2
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Write Constraints

2-6

In this section...

“Consult Optimization Toolbox Documentation” on page 2-6
“Set Bounds” on page 2-6

“Ensure ga Options Maintain Feasibility” on page 2-6
“Gradients and Hessians” on page 2-7

“Vectorized Constraints” on page 2-7

Consult Optimization Toolbox Documentation

Many Global Optimization Toolbox functions accept bounds, linear constraints, or nonlinear
constraints. To see how to include these constraints in your problem, see “Write Constraints”
(Optimization Toolbox). Try consulting these pertinent links to sections:

* “Bound Constraints” (Optimization Toolbox)

* “Linear Constraints” (Optimization Toolbox)

* “Nonlinear Constraints” (Optimization Toolbox)

Note The surrogateopt solver uses a different syntax for nonlinear constraints than other solvers,
and requires finite bounds on all components. For details, see the function reference page and
“Convert Nonlinear Constraints Between surrogateopt Form and Other Solver Forms” on page 7-73.

Set Bounds

It is more important to set bounds for global solvers than for local solvers. Global solvers use bounds
in a variety of ways:

* GlobalSearch requires bounds for its scatter-search point generation. If you do not provide
bounds, GlobalSearch bounds each component below by -9999 and above by 10001. However,
these bounds can easily be inappropriate.

» Ifyou do not provide bounds and do not provide custom start points, MultiStart bounds each
component below by -1000 and above by 1000. However, these bounds can easily be
inappropriate.

* ga uses bounds and linear constraints for its initial population generation. For unbounded
problems, ga uses a default of 0 as the lower bound and 1 as the upper bound for each dimension
for initial point generation. For bounded problems, and problems with linear constraints, ga uses
the bounds and constraints to make the initial population.

* simulannealbnd and patternsearch do not require bounds, although they can use bounds.

Ensure ga Options Maintain Feasibility

The ga solver generally maintains strict feasibility with respect to bounds and linear constraints. This
means that, at every iteration, all members of a population satisfy the bounds and linear constraints.

However, you can set options that cause this fe